Using a representation of the q-deformed Lorentz algebra as differential operators on quantum Minkowski space, we define an algebra of observables for a q-deformed relativistic quantum mechanics with spin zero. We construct a Hilbert space representation of this algebra in which the square of the mass p 2 is diagonal.
Introduction
The concept of Lie groups and Lie algebras has found a natural generalization in the framework of non-commutative Hopf algebras and quantum groups. This has posed the question, whether these can appear as symmetries of physical theories. In this paper we want to address the problem of quantum symmetric relativistic quantum mechanics with spin zero.
In ordinary relativistic quantum mechanics, we have a Hilbert space of states which is a representation of the Poincaré algebra. Acting on this space, we have the algebra of observables generated by position and momentum coordinates, which are essentially self-adjoint operators defined on a common domain, which is dense in the Hilbert space. They satisfy the Heisenberg algebra [x i , p j ] = ig ij . Position and momentum space are both isomorphic to Minkowski space and carry a representation of the Lorentz group.
In this paper, we define a deformation of the algebra of observables. The position and momentum coordinates generate algebras, which are isomorphic as * -comodule algebras of the q-deformed Lorentz group. Introducing an algebra of angular momentum operators, which is a representation U q (SL(2, C), we construct a Hilbert space representation of this algebra of observables. Coordinates and momenta are represented on this Hilbert space by unbounded operators.
Preliminaries 2.1 SL q (2,C) and Quantum Lorentz Group
The complex quantum group SL q (2, C) ( [4] ) is a * -Hopf algebra constructed by taking two copies of the quantum group SL q (2) (cf. [5] ) with generators (t α β ) α,β=1,2 and (t α β ) α,β=1,2 which are connected by the mixed relationsR αβ γδt γ ρ t δ σ = t α µt β νR µν ρσ , whereR denotes theR-matrix of SL q (2). The involution is (t α β ) * := S(t α β ), S being the antipode of SL q (2). The quantum Lorentz group SO q (3, 1) (cf. [1] ) is the * -sub-Hopf algebra ⊂ SL q (2, C) generated by the elements M (αβ) (γδ) :=t α γ t β δ with relations and Hopf structure induced by SL q (2, C). ItsR-matrix is a product of SL q (2)-Rmatrices. Using a single index i = 1, 2, 3, 4 instead of the double index (α, β) = (1, 1), (1, 2) , (2, 1), (2, 2) , the reality condition for the generators is given by (M i j ) * = η j b S(M b a )η a i , where the matrix η i j is essentially given by theRmatrix of SL q (2).TheR-matrix has the projector decomposition characteristic of orthogonal quantum groups:
P S , P A and P 1 being the symmetric, antisymmetric and trace projector, respectively. P 1 ij kl can be expressed in terms of the q-Minkowski metric C ij as
Quantum Minkowski Space and Differential Calculus
A comodule algebra for SO q (3, 1) can be defined as the unital C-algebra generated by the coordinates x i with relations P A ij kl x k x l = 0. This is the algebra of functions on quantum Minkowski space and is denoted A x (M q ). The coaction δ of SO q (3, 1) is given by δ(x i ) := M i j ⊗ x j . For δ to become a homomorphism of * -algebras, we have to define the involution on A x (M q ) by (x i ) * := x k C kl η l i . The element r 2 := C ij x i x j is central in A x (M q ). Another convenient set of generators t, x, y, z for A x (M q ) is given by The generator t becomes central in A x (M q ) and factorization with respect to the relation t = 0 yields an SO q (3)-comodule algebra (cf. [1] ).
We can now introduce partial derivatives acting on A x (M q ) as linear operators. We define the partial derivative ∂ i ∈ End C (A x (M q )), i = 1, . . . , 4, by its action ∂ i (1) := 0 on the unit element 1 ∈ A x (M q ) and by the Leibniz rule
which determines ∂ i on the whole algebra A x (M q ). The partial derivatives satisfy
. Therefore the algebra A ∂ generated by (∂ i ) is isomorphic to A x (M q ) as an SO q (3, 1)-comodule algebra. The coordinates x i act on A x (M q ) as linear operators by left multiplication. So we can consider the algebra
Given this algebra, we can recover the Leibniz rule and therefore the action of ∂ i as a differential operator on A x (M q ). Next, we want to define a * -structure on A x,∂ . To that end, we first note, that there exists an operator Λ ∈ A x,∂ (cf. [7] ) satisfying Λ(1) = 1,
) is a positive and invertible operator, so we can define an invertible operator µ := q 2 Λ 1/2 . We can now introduce the algebra D(M q ) generated by the coordinates (x i ), the derivatives (∂ i ) and the operators µ and µ −1 , and we call it algebra of differential operators on quantum Minkowski space. In this extended algebra we introduce the elements∂ i bȳ
and it was shown in [7] that these differential operators satisfy the relations of the second possible covariant differential calculus on A x (M q ), i.e. we have
The involution on the partial derivatives can now be defined by (∂ i )
finally becomes a * -algebra in which µ * = µ −1 .
Regular Functionals and Vector Fields
In [4] it was shown that the dual algebra SL q (2, C) * of SL q (2, C) contains a * -sub-Hopf algebra U R , called algebra of regular functionals. U R is generated by functionals (L ± α β ) α,β=1,2 and (L ±α β ) α,β=1,2 . The action of these functionals is defined using theR-matrix of SL q (2):
δγ (6) and the same relations forL ±α β with t andt exchanged. These definition is extended to products by
, and the same forL ±α β . The commutation relations in U R and the Hopf algebra structure are a direct consequence of these definitions (cf. [4] ). The involution on the generators of U R is (L ± α β ) † = S(L ±α β ). Using the properties of the SL q (2)-R-matrix, some of these generators can be eliminated, and it turns out that U R is generated by
Moreover, in a certain minimal extension also L − 1 1 is invertible, so we are essentially left with six generators (cf. [4] ). We can now also define the algebra of vector fields as the unital C-algebra generated by the
This algebra was introduced in [2, 3] , and it was shown that for SL q (2, C) it is a sub-Hopf algebra of U R and that a certain natural extension of the algebra of vector fields is isomorphic to U R . The left invariant vector fields are then given by X := 1/λ(1 − Y ). Let us finally mention that there exist two Casimir operators C 1 and C 2 in U R .
3 Angular Momentum Representation of U R
Angular Momentum Algebra
In the sequel we will always assume q ≥ 1. In the undeformed case we have a representation of the Lie algebra of SL(2, C) in terms of antisymmetric generalized angular momentum operators acting on functions over Minkowski space. In this section, we will define the analogue of this in the q-deformed framework, i. e. a representation of the quantum universal enveloping algebra of SL q (2, C) (which is essentially given by U R ) by differential operators on quantum Minkowski space A x (M q ). In [6] such a representation was found for the closely related case of SO q (N ) and, apart from the star structure, these results can be applied to the case of SL q (2, C). Therefore we first introduce the elements u ij ∈ D(M q ) as
and define
These differential operators commute with r 2 and we are led to the following
is called angular momentum algebra on quantum Minkowski space.
As the rank of the antisymmetric projector in four dimensions is six, only six of the generators V ij are linearly independent. To determine the action of the elements ofÛ q as differential operators on A x (M q ), we consider the algebra
Using the relations in D(M q ), we can derive the relations in A x (Û q , M q ), which determines the action of the generators ofÛ q as differential operators. The result is (cf. [6] ):
Furthermore the relations in A x (M q ) imply the following identities:
For explicit calculation a more convenient choice for the generators is:
where C is defined by C := 1/((1 + q −4 )[2] q )U . For the commutators of the generators ofÛ q with each other we have the identities (cf. [6] )
and
The second equation yields two identities which read with i = 1, 2
and (16) gives another six relations (i=1,2):
Note that the algebras generated by {V
, M 2 } alone are isomorphic to the algebra of left invariant vector fields on the quantum group SU q (2) as defined in [9] . This is exactly analogous to the undeformed case, but unlike the classical case, these two subalgebras do not commute:
(16) means that C is centralÛ q . Finally, the commutation relations of the scaling operator µ with the coordinates imply that it commutes with all the generators ofÛ q . The extension of A x (Û q , M q ) by µ and µ −1 will be denoted by A x,µ (Û q , M q ). From (10) we obtain the involution on the generators as (V
Actually there is a natural extension of the AlgebraÛ q . We define the element H ∈Û q by
H satisfies
which together with H(1) = 1 implies that H is a positive and invertible differential operator on A x (M q ). Therefore the operator H 1/2 and its inverse are well defined by their commutation relations with the coordinates following from (22). The extension ofÛ q by H ±1/2 will be denoted by U q .
Differential Representation of U R
In the undeformed case the algebra of angular momentum operators on Minkowski space is a representation of the Lie algebra of SL(2, C) , i.e. a representation of the left invariant vector fields on the Lie group. It turns out that a similar statement is true in the deformed case. To see this, we consider an algebra representation π :
where δ is the SO q (3, 1)-coaction defined in section 1.
. It turns out that U π = U q and we obtain the
) is a * -representation of the algebra U R . In this representation the two Casimir operators of U R coincide, i.e. π(C 1 ) = π(C 2 ) = C.
In particular, it turns out that π maps the algebra of vector fields on SL q (2, C) toÛ q . However, A x (M q ) being a comodule algebra, U π and therefore U q is also a bialgebra and even a Hopf algebra. Defining the mappings ∆ :
where i :
, where τ denotes the transposition of tensor components and ∆ the coproduct in U R , and get the following Proposition 3.3 U π together with the coproduct ∆ π , the counit ε π , the antipode S π and the involution a π * := π(a † ) is a * -Hopf algebra.
U q contains a * -subalgebra corresponding to vector fields on SU q −1 (2). It is generated by H ±1/2 , X ± with
and involution H * = H and (X + ) * = qX − . It will be denoted U 3 q , its extension by the generators of A x (M q ) by A x (U 3 q , M q ). The relations in U 3 q are those already encountered in (19). The element W ∈ U 3 q , related to the central element S 2 ∈ U q −1 (SU (2)) (cf. [9] ) by W := qπ(λ 2 S 2 + [2] q 1) is the central Casimir operator of U 3 q . It satisfies
Finally, we give the relations determining H, X ± and W as operators on A x (M q ). They read
As H and X ± are a representation of vector fields of the q-deformed rotation group, they commute with the generator t ∈ A x (M q ) corresponding to the time coordinate in the limit q → 1.
Algebra of Observables
We want to define momentum coordinates p i , such that the algebra generated by the momenta is isomorhpic to A x (M q ) as a * -comodule algebra of SO q (3, 1). Unlike the undeformed case, the partial derivatives ∂ i are not closed under involution.
Lemma 4.1 The momentum operators
generate the momentum quantum space A p (M q ) of functions over q-Minkowski space, i.e. they satisfy
The complete symmetry between coordinates and momenta as * -comodule algebras of SO q (3, 1) is established by the following Lemma 4.2 The algebra A p (U q , M q ) generated by (p i ) and U q is isomorphic to A x (U q , M q ) with the isomorpism i given on the generators by i(p i ) = x i ,i(V ij ) = V ij and i(U ) = U . Now we are in the position to introduce the algebra of observables (cf. [6] ) by the following
Definition 4.3 The algebra of observables
is the algebra generated by coordinates and momenta.
Proposition 4.4 In O we have relations
where u ij ∈ D(M q ) are the elements defined in (7).
The next aim is to construct a Hilbert space representation of this algebra of observables, which can be interpreted as the state space for q-deformed relativistic quantum mechanics. To make the connection with the angular momentum algebra, we rewrite (32) as
It was shown in [6] that we can reconstruct the partial derivatives given the coordinates and the angular momentum algebra with the help of the following identities in A x,µ (U q , M q ):
Due to the complete symmetry between coordinates and momenta, the same relations hold with coordinates and momenta exchanged. This means that we can find Hilbert space representations O by constructing Hilbert space representations of A x,µ (U q , M q ) with invertible r 2 . This will be done in the next section.
5 Hilbert Space Representation of O
Representation of
In analogy to the undeformed case we expect a relativistic one particle state to be an element of an irreducible representation of the Poincaré algebra. As a maximal set of commuting observables we take the square of the momentum p 2 := C ij p i p j which is the square of the particle mass, the energy p 0 (corresponding to the generator t in the coordinate algebra), the angular momentum W and the 3-component of angular momentum H. In the limit q → 1 this is a complete set of commuting observables for spin 0. We will construct an
In an irreducible representation we can therefore choose them as multiples of the identity operator. We define for abitrary M 2 , E ∈ IR a linear space
where the cyclic vector |M, E, 0, 0 has the properties
i.e. it carries a scalar representation of U 3 q . The commutators (28) imply H M,E = Lin{a|M, E, 0, 0 : a ∈ A p (M q )} . Considering the vector p l y |M, E, 0, 0 ∈ H M,E with l ∈ IN 0 , we find it to be an eigenvector of H and W with eigenvalue l for both operators which is annihilated by X + . Therefore it is a highest weight for the irreducible representation of U q (SU (2)) characterized by the eigenvalue l of the Casimir W .
If we define γ E,l |M, E, l, l := p l y |M, E, 0, 0 , then a basis of this representation is given by the states |M, E, l, m with m = −l, . . . , l defined by
Being eigenvectors to different eigenvalues of H, these states are linearly independent.
to be a consistent definition of a scalar product on H M,E , the constant γ E,l = M, E, 0, 0|(y * ) l y l |M, E, 0, 0 must be positive. Using the definition of the central element p 2 and the relations (28), we get a recursion formula for γ E,l :
with {x} q := q x +q −x q+q −1 . As γ E,0 = 1 this fixes γ E,l for all l ∈ IN 0 . We have to distinguish two cases:
In the first case there is no restriction on the values of E, but for the physically interesting case of real mass the requirement of positivity forces the recursion to terminate, i.e. for each fixed value of M 2 > 0 there must be an N ∈ IN 0 , such that γ E,l = 0 ∀ l > N . This means that in this case we get only the discrete energy eigenvalues
In the sequel we take M 2 > 0. We can then use the positive integer N to label the states by |M, N, l, m . The sign of the energy eigenvalues is an additional invariant of the representation, because all the generators of A p (U 3 q , M q ) commute with p 0 . So we have two orthonormal bases which span the linear spaces
Completing 
We consider now the linear space
with scalar product
To show that these spaces are representations of A p (U q , M q ), it is sufficient to determine the action of the generators of U q on the U 3 q -invariant vectors |±, M, N, 0, 0 , because the action on an arbitrary vector |±, M, N, l, m can then be deduced using the relations in A p (U q , M q ). Making use of the commutators of the generators of U q and U 3 q and of the discreteness of the spectrum of p 0 , we make the following ansatz: 
Furthermore we get the result that i = 0 can only appear for N = 1 which is consistent with (48). Moreover we get for i ≥ 1 relations between c ′ ±,N,i and c ±,N,i . Finally, using these relations, the identity H|±, M, N, 0, 0 = ( 
Checking now the consistency of this solution with all the relations in A p (U q , M q ), and completing H ± to the Hilbert space H M ± we get Proposition 5.3 The Hilbert space H M ± is an irreducible * -representation of the algebra A p (U q , M q ). This is in particular a representation of the q-deformed Poincaré algebra (cf. [8] ). In this paper, we have found a Hilbert space representation for a deformation of the Heisenberg algebra. In quantum mechanics the operators (x i ) and (p i ) must be observables, i.e. their restriction to a common domain must be essentially self-adjoint. The operators p 2 and p 0 , being diagonal in this representation, are already essentially self-adjoint on the Hilbert space. This implies also that all the momenta have this property. The question however is, whether r 2 and t are essentially self-adjoint. To solve this problem, we have to diagonalize r 2 † . The transformation between the eigenvectors of p 2 and r 2 is then a generalized Fourier transformation. With the help of the operators (x i ) one could then try to discuss the problem of locality.
